The Complete Flux scheme (CFS) (J.H.M. ten Thije Boonkkamp et al., J. Sci. Comput. 46 (2011) 47-70) is an extension of the widely used exponential difference scheme for advection-diffusion-reaction equations. In the present paper we provide a rigorous proof that the convergence order of this scheme is 2 for all grid Péclet numbers, whereas that of the exponential scheme reduces to 1 for high grid Péclet numbers in the presence of source terms. The performance of both schemes is compared in two case studies: a model system and a real-world model of a parallel-plate glow discharge. The results indicate that the usage of CFS allows a considerable reduction of the number of grid points that is required to obtain the same accuracy. The MATLAB/Octave source code that has been used in these studies has been made available.
Introduction
Many physical quantities are governed by equations of advection-diffusion-reaction type. Examples are the densities of particles, momentum and energy, which are encountered in chemical and combustion engineering [1] , in plasma physics [2, 3] and in semiconductor physics [4] . Such equations can be written as a balance equation for the quantity n of interest, which has the form ∂n ∂t
Here s is the net volumetric production rate of the quantity, and the flux density vector Γ is given by
with v the advection or drift velocity and D the diffusion coefficient. Analytical solutions of equations (1) exist only for special cases. Therefore one commonly resorts to numerical methods to obtain approximate solutions, typically in the nodal points of a numerical mesh. Such methods require that equation (1a) be discretized in those points. If the finite volume method (FVM) is used, this in turn requires that the longitudinal component of the flux density vector is discretized at an interface point that lies between two adjacent nodal points. Typically, the result of this procedure is an expression for the interface flux density that is linear in the values of n. The key parameter in such expressions is the dimensionless grid Péclet number P , which is defined as
for the equations, both of electrons and ions in our plasma model. There are some other schemes with this form presented in [10] , but from the point of view of plasma simulation, in our opinion CFS is more suitable. For the extension of CFS from stationary problem to timedependent problem the authors adopted the same approach as in [11] where Hundsdorfer and Verwer extended some well-known schemes, that is, including the time derivative into the source term when discretizing in space. It is proved that in this way the semi-discretization has smaller dissipation and dispersion errors than the one obtained without doing that, see [7] . In [7] the authors found CFS to be second order accurate for all source strengths s and grid Péclet numbers, but failed to prove that this is always the case. In this paper we will establish a rigorous mathematical proof that CFS is second order convergent, uniformly in the grid Péclet number, even in the presence of source terms. This paper is organized as follows. In Section 2 we will summarize the derivation of CFS. Section 3 provides a detailed error analysis of CFS and proves its second order convergence. In Section 4 the scheme is put to test in two case studies. We first demonstrate its application to a simple boundary value problem with a known analytical solution. Secondly, we apply it to a real-world model of a parallel-plate glow discharge, in which drift-diffusion equations for the ion and electron densities are solved self-consistently with Poisson's equation for the electric field. In both case studies the accuracies of EDS and CFS are compared for various numbers of grid points. The results indicate that the usage of CFS allows a considerable reduction of the number of grid points for a fixed tolerance level. Finally, Section 5 provides conclusions.
The complete flux scheme
In this section we outline CFS for a stationary conservation law of advection-diffusionreaction type in one-dimensional Cartesian coordinate system 1 . In this case equation (1) reduce to
Equation (3) is solved on a closed interval [0, 1] covered with a uniform vertex centered grid, depicted in figure 1. The grid size is h and the unknowns are evaluated at the grid points x j = jh, j = 0, 1, · · · , N . In addition, the interfaces of the control volumes lie in the middle between two adjacent grid points. Figure 1 : Uniform vertex centered grid. Solid circles denote nodal points and squares denote control volumes.
Integrating over each control volume and adopting the midpoint rule for the integral of s, equation (3) becomes
where Γ j+1/2 is the numerical approximation of the flux at x = x j+1/2 and s j = s(x j ). In CFS, the derivation of Γ j+1/2 is based on the analytical solution of the following local boundary value problem with appropriate quadrature rules [7] :
therefore, Γ j+1/2 not only depends on n but also on s. The numerical flux Γ j+1/2 can be expressed as
where Γ h j+1/2 and Γ i j+1/2 are the homogeneous and inhomogeneous part, which correspond to the homogeneous and the particular solution of (5), respectively. The coefficients α j+1/2 , β j+1/2 , γ j+1/2 and δ j+1/2 are defined by
whereP j+1/2 andP j+1/2 are the arithmetic average and weighted average of the grid Péclet number, respectively defined asP j+1/2 := 1 2 (P j + P j+1 ), P j+1/2 := W (−P j+1/2 )P j + W (P j+1/2 )P j+1 , andD j+1/2 is the weighted average for D. In addition, the Bernoulli function B(z) and function W (z) are defined by
and shown in figure 2. 
Substituting (6) into equation (4) we obtain the expression of CFS
where the difference operator L h and the weighting operator W h are defined by
with coefficients a W,j , b W,j etc. defined by
It is worth mentioning that EDS is a special case of CFS, and it is derived from a homogeneous boundary-value problem with constant coefficients. In the next section we will analyze the accuracy of CFS.
Error analysis
In this section we analyze the accuracy of CFS and prove that it is uniformly second-order accurate for the following two-point boundary value problem
where v > 0 and D ∈ (0, 1] are constants and s ∈ C m [0, 1]. Although we assume v > 0, it is not a real restriction, because for the case of v < 0 one can transform the problem to v > 0 with the change of variablex = 1 − x.
The coefficients of (13) are constants, so the coefficients in (10) and (11) can be written as, see (7),
where P is the grid Péclet number. In the remainder of this paper, C, c, c 1 and c 2 will be positive constants, independent of h and D, whose values may change from line to line. As usual we investigate stability first and then consistency and convergence.
Stability
Applying CFS to (13) we obtain the linear system of equations
where A, B ∈ R (N −1)×(N −1) are a tri-diagonal matrix and a lower bi-diagnonal matrix. The terms involving boundary values are included in the vector b. Note that matrix A is the same as the one drived from the discretization of (13) by EDS. We have the following lemma about the existence and uniqueness of the solution of system (15) and the monotonicity of L h .
Proof. The results can be obtained directly from the fact that A = (a ij ) is an M-matrix. In fact, A is irreducibly diagonally dominant, i.e., A is irreducibe, |a ii | ≥ ∑ j̸ =i |a ij | with strict inequality for at least one row. Hence, A has a positive inverse and of monotone type. This demonstrates that system (15) has a unique solution. Moreover, for j = 2, 3, · · · , N − 2, (Av) j = L h v j , then the monotonicity of A implies that of L h . For the points next to the boundaries, e.g.,
In conclusion, L h u j ≤ L h v j implies u j ≤ v j , j = 1, 2, · · · , N − 1 under the condition of the lemma. This completes the proof.
We denote the truncation error and the discretization error of CFS by τ and e, respectively. Then from (15) we have
If ∥A −1 ∥ ∞ is bounded, then CFS is stable.
where
Proof. From theorem 1.14 in [13] we know that if there is a vector ω such that
where the inequality a ≥ b means a j ≥ b j , for all j and 1 denotes a column vector whose components are all equal to 1, then
Actually, as a result of that A is a M-matrix we have
Now we construct a vector ω that satisfies this criterium. To that end we define the function
This is the exact solution of the boundary value problem
The first term of ω(x) is the particular solution of the above problem and the second term is constructed by the general solution of the homogeneous equation. It can easily be shown that ω(x) ≥ 0 on [0, 1] and it obtains the maximal value in the unique stationary point
Let ω be the restriction of ω to the grid. One can verify that
Therefore, Aω = 1.
As a result we have
for the central difference scheme [13] .
Consistency
To investigate the convergence of CFS we need to estimate the truncation error first. The truncation error is defined to be
We derive its expression in two cases, viz, for h ≤ D and D ≤ h, by using the Taylor expansion
where the remainder R q (x 1 , x 2 ; f ) is given by
for a sufficiently smooth function f (x). First, for the case h ≤ D using the Taylor expansion (19) up to the fourth derivative of n we obtain the following expression for the truncation error
One can easily check that the leading term
and the remainder terms
Second, for the case h ≥ D it suffices to expand up to the third derivative of n, because D contributes one order in the estimation. Then the truncation error can be written as
We consider a special case first. If the derivatives of the solution n(x) are uniformly bounded, then from the expression of the truncation error (21) and (22) we can derive the following lemma directly. Lemma 3.4. Let n(x) be the solution of (13) . If the first four derivatives of n(x) are uniformly bounded, then
This lemma, along with lemma 3.2, demonstrates the second order convergence of CFS. But the derivatives of the solution are not always bounded, e.g., when a inner or boundary layer exists. Then for the estimation of the truncation error we need the following lemma, given in [14] , to bound the dirivatives. Lemma 3.5. Let n be the solution of (13) . Then it can be decomposed as
where |γ| ≤ c 1 and y(x) = exp(−vD −1 (1 − x)), and
with c 1 > 0 and c 2 > 0, independent of D. 9
From (24) we know that the solution n(x) of (13) can be decomposed into two terms. For the first term, one can easily verify that y(x) is a solution of the homogeneous equation of (13) . In addition, CFS is exact for the constant coefficient homogeneous problem. As a result, the truncation error from this term is zero. Therefore, the truncation error can be written as
Now we start estimating the terms of (21) for the case h ≤ D. For the first term we have
) .
Here we used the Taylor expansion for 1/2 − W (P ) and the upper bound for z (3) (x j ) given by (25) . For the remainder terms because of the similarity we only present the estimation of I 1 + I 2 , which is given by
Since sinh(t) ≤ Ct for t bounded, we can obtain
Here we used the relation
Similarly we can estimate I 3 and I 4 and the upper bounds have the same forms. Then for h ≥ D, we estimate the terms of (22) . As an example, the estimation process of I 1 is presented.
Here we used the inequality t k ≤ C exp(t), for a positive integer k. Similarly, we can estimate the terms I 2 , I 3 and I 4 and they have the same forms of the upper bounds as I 1 . In summary, we have the following lemma for the truncation error.
Lemma 3.6. If the derivatives of n(x) up to the fourth order exist, then the truncation error of CFS satisfies
Convergence
Our aim is to prove that CFS is uniformly second-order convergent for problem (13) . The principal result can be summarized as 
for all D ∈ (0, 1] and v > 0.
To prove this theorem we adopt the comparison function approach, which was employed in [14, 15, 16] for analysis of some difference methods for singular perturbation problems. An outline is given in [15] . For our problem we choose the comparison functions ϕ(x) = 1+x and ψ(x) = exp(−λD −1 (1 − x) ) for some λ > 0. The function ϕ is used to estimate the error where n is "well behaved", while ψ estimates the error "near" the layer. The error estimate is obtained using ϕ, ψ, and bounds on the truncation error. Lower bounds of L h ϕ(x j ) and L h ψ(x j ) play important roles in this approach and they are given in the following two lemmas.
The proof of lemma 3.8 is straightforward, so it is omitted. 
Proof. The results follow immediately from the proof of lemma 3.6 in [16] , once the following expression is observed,
The idea is to estimate the individual factors in the above expression for the three cases From lemma 3.6 we see that the truncation error in the case h ≤ D is second order, but in the case h ≥ D, the order can not be determined. So we can not determine the convergence order from it. Nevertheless, we can obtain a preliminary result for the discretization error. Along with lemma 3.8, 3.9 and 3.1 we have the following theorem. Theorem 3.10. Let {n j } be the approximate solution of (13) using CFS. Then there are a constant λ, which depends only on v, and a constant C, which is independent of D and h, such that
Proof. We consider the case h ≤ D. From (27) by choosing a λ ≤ v we have
Then (32) follows from lemma 3.1. The second estimation can be obtained similarly.
It is not sufficient to prove theorem 3.7 from theorem 3.10. We still need another lemma which gives a three-term decomposition of the solution n(x) of (13) by using the two-variable expansion method (see [17] and references therein).
Lemma 3.11. The solution n(x) of (13) can be written in the form
where the constant B 0 and the norm of A 0 ∈ C m+1 [0, 1] depend on the boundary values of (13) and the integral of s(x). The function R 0 (x) satisfies the following problem
where κ 0 (D) is bounded and
Proof. Omitted here, see [17] .
After all those preparation we can prove theorem 3.7.
Proof. From lemma 3.11 we know that theorem 3.7 holds if the contribution of the three terms of (34) to the discretization error are uniformly O(h 2 ). The contribution of A 0 is bounded by Ch 2 . In fact, its derivatives are uniformly bounded, thus the truncation error is uniformly O(h 2 ) from lemma 3.4. This, along with lemma 3.2, implies the statement. For the third summand DR 0 , from lemma 3.11 we know that the discretization error of R 0 from using CFS has the estimation (32) and (33), thus the contribution of DR 0 is uniformly O(h 2 ). The second term of (34) is the analytical solution of the homogeneous equation of (13), so its contribution to the discretization error is zero. This completes the proof.
Case Studies
In this section we apply CFS and EDS to a simple boundary value problem with known analytical solution and to a plasma model to assess and compare the accuracies and efficiencies of the both schemes.
Advection-diffusion-reaction equation with boundary layer at outflow
In the first case study we solve the following boundary value problem [18] :
with a source term s that is chosen such that the exact solution is given by
.
Note that for 0 < D ≪ 1 the solution has a thin boundary layer of width D near x = 1. We choose the parameter values v = 1 and a = 0.2. To test whether CFS is second order 13 uniformly in grid Péclet number, we choose D = h p for various values of p and compute the maximum of the discretization errors defined by e h := max j |n(x j ) − n j | and their quotients e h /e h/2 from two consecutive grids.
The results are presented in table 1 and 2 for CFS and EDS, respectively. 1 shows that the CFS is uniformly second order in the grid Péclet number. It agrees with the conclusion of the error analysis. The results in table 2 show that EDS is second order for diffusiondominated problems but for advection-dominated problems it is only first-order accurate. 
Plasma model
In the second case study we consider a model for a parallel-plate gas discharge in Helium. It is based on the Local Field Approximation (LFA) model [19] , in which the transport coefficients and the ionization rate coefficient depend only on the value of the reduced electric field E/N g , the magnitude of the electric field divided by the density of the background gas. This type of model is used to simulate a discharge sustained by the secondary emission of 14 electrons from the cathode. The discharge is formed between two parallel infinitely large planar electrodes, as shown in figure 3 .
V Plasma
Cathode Anode Figure 3 : Schematic diagram of DC discharge.
We assume that the background gas Helium is weakly ionized and that its temperature T g and density N g are not affected by the formation of a discharge. The time-evolution of the densities n p of the ions and electrons is described by continuity equations, the flux densities Γ p are given by the drift-diffusion equation:
where p = i or e for ions and electrons, respectively. The first term in expression (36b) represents the flux due to the electric field (drift), the second is the flux due to density gradients (diffusion). The drift velocity is given by v p = µ p E where the coefficients µ p are the species' mobilities and E is the electric field. Only electron impact ionization is considered in our model, so that the source term is given by s = n e N g K, where K is the ionization rate coefficient. The electric field E depends on the space charge density according to Poisson's equation
where ε 0 is the dielectric permittivity, V the electrostatic potential and q the elementary charge. We use the expressions for the particle fluxes at the boundaries as the boundary conditions. The ion flux directed towards the electrode is given by
wheren is unit outward vector and v th,i is the thermal velocity of ions, given by
where K B is the Boltzmann constant, m i the mass of Helium ions and T i the temperature of ions. The parameter a i is set to 1 if the drift velocity µ i E is directed towards the walls and to 0 otherwise, i.e.,
For electrons, the flux directed towards the electrodes has the same form as (38), but an additional term due to secondary emission is added,
where the secondary emission coefficient γ i is the average number of electrons emitted per incident ion. For Poisson's equation (37) the voltages applied to the electrodes provide Dirichlet boundary conditions.
Numerical methods
To show the advantages of CFS we will adopt CFS and EDS for the continuity equation (36) and the central difference scheme for Poission's equation (37). Moreover, for time integration we use the implicit Euler method.
The boundary conditions can be written in a generic expression in one dimension as follows:
where, for example, for the electron flux (41) on the left boundary v b,left = a e,left µ e,0 E 0 + 1 4 v th,e,left , and
Note that for ions s b = 0, because there is no secondary emission for ions.
To discretize the transport term in the continuity equation in space, integrating equation (36a) over each control volume and adopting the midpoint rule we obtain the following expression ( ∂n ∂t
Substituting the complete flux (6) and applying the implicit Euler method for time integration the following linear system of equations can be obtained (J + ∆tA)n k+1 = Jn k + ∆tBs + ∆tb,
where n is the vector of unknowns, s source term restricted to the grid points, and the vector b contains the boundary data. Both matrices A and B are tridiagonal and given by
where the coefficients a W,j , b W,j etc. are defined in (12) ,
In the expression for the source term s we have used the following expression for n e , which is based on equation (65) and (67) of Ref. [20] ,
Note that the coefficient matrix J + ∆tA of system (44) is tridiagonal and a good choice to solve this system is the tridiagonal matrix algorithm (TDMA), see [21] . Finally, Poisson's equation is discretized by the second order central difference scheme:
The reason that we use the central difference scheme for Poisson's equation is that it only has the second order term, for this kind of equation CFS reduces to the central difference scheme.
For time integration the first-order implicit Euler method does not not affect the accuracy of the solution because our aim is to obtain the steady state. To eliminate other factors affecting the accuracy of the solution we did not apply the so-called semi-implicit treatment [22, 23, 24] for Poisson's equation to circumvent the time step restriction. Instead, a fixed 17 time step ∆t = 10 −9 is imposed. In the time integration Gummel iteration [25] is adopted. The solution procedure is as follows. First, Poisson's equation is solved and then the variables depending on the electric field, e.g., mobility, impact ionization coefficient and electron mean energy are updated from the software named BOLSIG+ [20] . In addition, the diffusion coefficient D is calculated from the mobility by the Einstein relation D p = µ p K B T p /q. After that the continuity equations for ions and electrons are solved. At last the flux densities are calculated. Then the calculation proceeds to the next time step. Other parameters used in the model are given in the table 3. Moreover, the density of the background gas N g is calculated by the ideal gas law N g = p/(K B T g ). 
Results of the plasma model
In this section the results of the plasma model and the comparison of the results from CFS and EDS will be presented.
First we present the solutions obtained from a very fine grid (the number of grid points is 2561) in figure 4(a) and 4(b) for the particles densities and potentials and electric fields, respectively. We can see that the results from the two schemes are very closed to each other. In addition, the grid is so fine that the results from a finer grid almost coincide with these, and as a result, we can regard the solutions as the exact solutions and later we use them as the references to compare the accuracy of CFS and EDS.
With the solutions shown in figure 4 we calculate the discretization errors of the solutions obtained on various girds. The grid size is halved each time. The maximum of the discretization errors for the two schemes is shown in table 4.
In order to observe the variation of the errors with the grid sizes the maximum of the discretization errors as a function of the grid sizes is plotted in a log-log graph in figure 5. The slopes of the curves from CFS are approximately 2, while those of EDS change approximately from 1 to 2 as the grid size decreases. This demonstrates that the solutions from CFS are second order accurate and those from EDS are first-order accurate when the grid size is relatively large, and second order accurate when the grid size is small. Although the discretization error of the solution of electrons from CFS is larger when the grid is coarse, it reduces faster as the grid size decreases. After the number of grid points exceeds 161 the discretization errors of the solutions from CFS are much smaller than those of EDS.
After comparing the accuracy of the two schemes we compare the efficiency of them. The CPU times of the two schemes for different number of grid points for 5000 time steps are recorded in table 5. We can see that CFS doesn't cost much more extra CPU time, although its numerical flux has two additional terms related to the source term. The extra time is about 10% and it decreases as the number of grid points increases. If we compare the discretization errors in figure 5 we can see that CFS only needs half (or less) the number of grid points of EDS to get a same level of accuracy. To illustrate this point, we plot the CPU time as a function of the discretization error of ions in figure 6 . It shows that for a given accuracy the CPU time of CFS is much smaller than that of EDS; only when the grid is very coarse, they are more or less the same. 
Conclusions
We have analyzed the truncation and discretization errors for CFS, and proved that CFS has second order convergence for all grid Péclet numbers. Two case studies verified these theoretical results. For a typical gas discharge model we have found that the continuity equation of electrons is a diffusion-dominated problem even when the grid is coarse. The continuity equation of ions, on the contrary, is a drift-dominated problem even when the grid size is relatively small. This means that EDS is second order accurate for the continuity equation of electrons and first-order accurate for that of ions when the grid size is not small enough. Since both continuity equations are coupled through the electric field, the over-all solutions from EDS are first-order accurate, unless the grid spacing is very small, whereas CFS is uniformly second order accurate. As a result, we found that for a fixed number of 20 grid points CFS yields a much higher accuracy, at the cost of only slightly more computer time.
Present and future work aims at the application of the scheme to higher-dimensional problems, for which the improved accuracy of CFS (or, stated differently, the need for fewer grid points) has an even greater impact.
The MATLAB/Octave code that has been used for the numerical experiments in this paper has been made available under the GNU General Public License (GPL) version 3. It can be found on the publisher's website.
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